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AN ASYMPTOTIC VERSION OF THE UNION-CLOSED SETS
CONJECTURE
LUCA STUDER
Abstract. We show that the biggest possible average set size in the complement
2{1,2,...,n} \ A of a union-closed family A ⊂ 2{1,2,...,n} is n+1
2
. With the same
proof we get a sharp upper bound for the average frequency in complements of
union-closed families. This implies an asymptotic version of the union-closed sets
conjecture, formulated in terms of complements of union-closed families.
Let n ∈ N, [n] = {1, 2, . . . , n} and let 2[n] = {A : A ⊂ [n]} be the power set on
n elements. A family A ⊂ 2[n] is called union-closed if A,B ∈ A implies A ∪ B ∈ A.
The union-closed sets conjecture asserts that if A ⊂ 2[n] is union-closed, then there is
k ∈ [n] such that |{A ∈ A : k ∈ A}|/|A| ≥ 1
2
; or formulated in terms of the complement
B := 2[n] \A of a union-closed familiy A ⊂ 2[n], the conjecture states that there is k ∈ [n]
such that |{B ∈ B : k ∈ B}|/|B| ≤ 1
2
(for a survey article on the conjecture see [1]).
We show that asymptotically the latter formulation is true, even when the minimum of
|{B ∈ B : k ∈ B}| over k ∈ [n] is replaced by the average
µ(B) :=
1
n
n∑
k=1
|{B ∈ B : k ∈ B}|.
Theorem 1. If B = 2[n] \ A is the complement of a union-closed family A ⊂ 2[n], then
(i)
∑
B∈B
|B| ≤ n+1
2
|B|,
(ii) µ(B) ≤ n+1
2n
|B|.
In particular, if nl, l ∈ N is a positive integer sequence and Al ⊂ 2
[nl] is a sequence of
union-closed families with Al 6= Al′ for l 6= l
′, then the complements Bl = 2
[nl] \Al satisfy
lim sup
l→∞
µ(Bl)
|Bl|
≤
1
2
.
Remark 1. All inequalities in Theorem 1 are sharp as can be seen by considering the
union-closed family A = {A ⊂ [n] : 1 6∈ A} with complement B = {B ⊂ [n] : 1 ∈ B}.
Theorem 1 contrasts the fact that a similar weakening of the union-closed sets con-
jecture stated in terms of union-closed families (instead of their complements) seems
very hard. Concretely, there are union-closed families A ⊂ 2[n] with µ(A) < 1
100
|A|,
and it is unknown if for every union-closed family A ⊂ 2[n] there is k ∈ [n] with
|{A ∈ A : k ∈ A}| ≥ 1
100
|A|. The following remark is crucial for the given proof of
Theorem 1.
Remark 2. If B = 2[n] \ A is the complement of a union-closed family A ⊂ 2[n], B ∈ B
and k, l ∈ B are distinct, then B \ {k} ∈ B or B \ {l} ∈ B. Indeed, if B \ {k}, B \ {l} ∈ A,
then the union B = B \ {k} ∪B \ {l} is also in A (and thus not in B).
Remark 3. Similarly to the recent work of Karpas [2], who showed that the union-closed
sets conjecture holds for union-closed families A ⊂ 2[n] with |A| ≥ 2n−1, the given proof
of Theorem 1 depends only on the property formulated in Remark 2.
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Proof of Theorem 1. Define
U := {(B, k) : B ∈ B, k ∈ B,B \ {k} ∈ B},
V := {(B, k) : B ∈ B, k ∈ B,B \ {k} 6∈ B},
W := {(B, k) : B ∈ B, k 6∈ B,B ∪ {k} ∈ B},
X := {(B, k) : B ∈ B, k 6∈ B,B ∪ {k} 6∈ B}.
Note that U, V,W,X are pairwise disjoint and
U ∪ V ∪W ∪X = B× [n].
We get |U |+ |V |+ |W |+ |X| = n|B|. Moreover, (B, k) 7→ (B ∪ {k}, k) defines a bijection
W → U . This gives |W | = |U |. Together we get
|U |+ |V | =
|U |+ |W |
2
+ |V | =
n|B| − |V | − |X|
2
+ |V | =
n|B|+ |V | − |X|
2
≤
n|B|+ |V |
2
.
It follows directly from Remark 2 that |V | ≤ |B|, hence together with the last inequality
|U |+ |V | ≤
n+ 1
2
|B|.
Assertion (i) follows now from∑
B∈B
|B| = |{(B, k) : B ∈ B, k ∈ B}| = |U ∪ V | = |U |+ |V |,
and similarly, assertion (ii) follows from
nµ(B) =
∑
k∈[n]
|{B ∈ B : k ∈ B}| = |{(B, k) : B ∈ B, k ∈ B}| = |U ∪ V | = |U |+ |V |.
To get the asymptotic result, note that for fixed n ∈ N there are at most finitely many
distinct union-closed families on the ground set [n] (22
n
is a trivial upper bound). There-
fore, since Al ⊂ 2
[nl], l ∈ N is a sequence of union-closed families without repetition, we
have nl →∞ as l →∞. Together with (ii) we get
lim sup
l→∞
µ(Bl)
|Bl|
≤ lim sup
n→∞
(1
2
+
1
2nl
)
=
1
2
,
as desired. 
Remark 4. Alternatively, Theorem 1 can be proved building on Reimer’s work about
the average set size in union-closed families [3]. However, the above proof seemed more
natural.
Acknowledgment. I would like to thank Ilan Karpas and Sebastian Baader for valuable
comments.
References
[1] H. Bruhn, O. Schaudt: On the journey of the union-closed sets conjecture,
Graphs and Combinatorics 31 (2015), 2043–2074.
[2] I. Karpas: Two results on union-closed families,
preprint: https://arxiv.org/abs/1708.01434
[3] D. Reimer: An average set size theorem, Combinatorics, Probability and Computing 12 (2003),
89–93.
Facultad de Ciencias Matema´ticas de la Universidad Complutense, Plaza Ciencias, 28040,
Madrid, Spain
luca.studer@gmail.com
